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Abstract
The Pk(G)-path graph corresponding to a graph G has for vertices the set of all paths of length k in G. Two vertices are joined
by an edge if and only if the intersection of the corresponding paths forms a path of length k − 1 in G, and their union forms
either a cycle or a path of length k + 1. Path graphs were introduced by Broersma and Hoede (J. Graph. Theory 13 (1989) 427)
as a generalization of line graphs, because for k = 1, path graphs are just line graphs. Results on the edge-connectivity of line
graphs are given by Chartrand and Stewart (Math. Ann. 182 (1969) 170), later by Zamﬁrescu (Math. Ann. 187 (1970) 305),
and by Jixiang Meng (Graph Theory Notes of NewYork XL (2001) 12). The connectivity of Pk-path graphs has been studied
by Knor and Niepel (Graph Theory 20 (2000) 181), where they proved a necessary and sufﬁcient condition for the Pk(G)-path
graphs to be disconnected, assuming that G has girth of at least k + 1. Going one step further, we prove in this work that the
edge-connectivity of Pk(G) is at least (Pk(G))(G)− 1 for a graph G of girth at least k + 1 and minimum degree (G)2.
Furthermore, we show (Pk(G))2(G)− 2 provided that (G)3.
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1. Introduction
Throughout this paper only undirected simple graphs without loops or multiple edges are considered. Unless stated otherwise,
we follow [5] for terminology and deﬁnitions.
Let G = (V ,E) be a simple graph with vertex set V (G) and edge set E(G). For every v ∈ V (G), NG(v) denotes the
neighborhood of v, that is, the set of all vertices adjacent to v in G. The minimum degree of G is the minimum degree among
the vertices of G, and is denoted by (G). The girth g(G) of a graph G is deﬁned as the length of a shortest cycle in G.
A graph G is called connected if every pair of vertices is joined by a path. An edge cut in a graph G is a set T of edges of G
such that G− T is not connected. If T is a minimal edge cut of a connected graph G, then, G− T necessarily contains exactly
two components, so it is usual to denote an edge cut T as (C, C¯), where C is a proper subset of V (G) and (C, C¯) denotes the
set of edges between C and its complement C¯. The edge-connectivity, (G), of a graph G is the minimum cardinality of an edge
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cut of G. A graph G is called n-edge connected if (G)n. It is well known that (G)(G). Thus, a graph G is said to be
maximally edge-connected when (G)= (G).
The purpose of this paper is to study the edge-connectivity in Pk-path graphs, k being a positive integer. Following the notation
that Knor and Niepel used in [7], given a graph G, the vertex set of the Pk(G)-path graph is the set of all paths of length k of G.
Two vertices of Pk(G) are joined by an edge if and only if the intersection of the corresponding paths forms a path of length k−1
in G, and their union forms either a cycle or a path of length k + 1. Intuitively, this means that the vertices are adjacent if and
only if one can be obtained from the other by “shifting” the corresponding paths in G. Path graphs were introduced by Broersma
and Hoede in [4] as a natural generalization of line graphs, because for k=1 path graphs are just line graphs. Since then, most of
the work carried out has been focused on case k= 2. Thus, Broersma and Hoede in [4] characterized the graphs that are P2-path
graphs; a problem with their characterization was resolved by Li and Lin in [12]. The determination problem for P2-path graphs
is solved in [1,14–16], and distance properties of path graphs are studied in [3,9]. Results on the edge-connectivity of line graphs
are given by Chartrand and Stewart in [6], later by Zamﬁrescu in [18], and recently by Jixiang Meng in [17]. We also ﬁnd recent
results on vertex connectivity of iterated line graphs in [10]. The vertex-connectivity of P2-path graphs has been studied in [11]
and [13]. As a direct consequence of the result shown in [8], it follows that if G is a connected graph with at most one vertex of
degree one, then P2(G) is also connected. In [2] the following theorem is derived.
Theorem A. Let G be a connected graph with (G)2. Then,
(a) (P2(G))(G)− 1;
(b) (P2(G))2(G)− 2 if (G)2.
In [8], there is a necessary and sufﬁcient condition for a Pk(G)-path graph to be disconnected assuming G has girth at
least k + 1. As the condition implies that G must have vertices of degree 1, it follows that if G has girth g(G)k + 1 and
minimum degree (G)2, then Pk(G) is connected. Going one step further, we show in this paper that if G has (G)2 and
girth g(G)k + 1, then (Pk(G))(G) − 1, which generalizes Theorem A for all k2. Furthermore, we prove that if G has
(G)3 and girth g(G)k+1, then (Pk(G))2(G)−2 provided that k3. Since for -regular graphs with girth g(G)k+1
we have ((Pk(G))= 2(G)− 2, our result is best possible for -regular graphs when 3.
2. Edge-connectivity of Pk-path graphs
Let k2 be a positive integer. From now on let us denote by U = (u0u1 · · · uk) a vertex in Pk(G), and by u0, u1, . . . , uk the
corresponding path of length k in G. We would like to emphasize that U = (u0u1 · · · uk)= (uk · · · u1u0), and that ui = uj for
every i = j, i, j ∈ {0, 1, . . . , k}.
Consider two paths, a0, a1, . . . , ak and b0, b1, . . . , bk inG inducing adjacent verticesA=(a0a1 · · · ak) andB=(b0b1 · · · bk)
in Pk(G). The edge [A;B] of Pk(G) is said to be an (a1 · · · ak)-edge if a1, . . . , ak is the common subpath of length k−1 to both
paths. For any path a1, . . . , ak of length k − 1 in G, we denote by Ea1a1···ak the set of vertices of Pk(G) of the type (xa1 · · · ak),
where x ∈ NG(a1)\{a2}. Analogously, we denote by Eaka1···ak the set of vertices of Pk(G) of the type (a1 · · · aky), where
y ∈ NG(ak)\{ak−1}.
From a result contained in [8] it follows that ifG has girth g(G)k+1 andminimum degree (G)2, thenPk(G) is connected.
The following lemma is the key point for stating a lower bound of the edge connectivity of Pk(G).
Lemma 2.1. Let k2 be an integer. Let G be a connected graph with minimum degree (G)2 and girth g(G)k + 1. Let
T = (C, C¯) be an edge cut of Pk(G), and let a1, . . . , ak be a path in G of length k − 1. If T contains (a1 · · · ak)-edges, then it
contains at least min{deg(a1)− 1, deg(ak)− 1} (a1 · · · ak)-edges.
Proof. If T contains (a1 · · · ak)-edges, then (Ea1a1···ak ∪ Eaka1···ak ) ∩ C = ∅ and (Ea1a1···ak ∪ Eaka1···ak ) ∩ C¯ = ∅. Let |Ea1a1···ak
∩ C| = s1, |Eaka1···ak ∩ C| = sk , |Ea1a1···ak ∩ C¯| = r1 and |Eaka1···ak ∩ C¯| = rk . Since g(G)k + 1, these numbers must satisfy
s1+r1=deg(a1)−1, sk+rk=deg(ak)−1, s1+sk1 and r1+rk1. Furthermore, the number of (a1 · · · ak)-edges containedin
T is s1rk + skr1, that is
|T | = |(C, C¯)|s1rk + skr1. (1)
If s1=0, then sk1 and r1=deg(a1)−1. Hence, (1) implies |T |deg(a1)−1 and the result follows. Similarly, if either sk=0,
or r1 = 0, or rk = 0 then the result is also true. Therefore, we can assume that s1, sk, r1, rk1. In this case s1rk + skr1s1 +
r1 = deg(a1)− 1, and s1rk + skr1sk + rk = deg(ak)− 1, and the result follows. 
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Taking into account the previous result, we may obtain the following lower bound for the edge-connectivity of Pk-path graphs,
which generalizes case (a) of TheoremA referred to in the Introduction.
Theorem 2.1. Let k2 be a positive integer. Assume that G is a connected graph with minimum degree (G)2 and girth
g(G)k + 1. Then (Pk(G))(G)− 1. 
Theorem 2.1 is best possible, at least for graphs with minimum degree (G) = 2. Indeed, consider the graph G formed by
joining two cycles of length k + 1 by a path of length k + 1. It is easy to see that (G) = 2, (G) = 1, g(G)k + 1 and
(Pk(G))= (G)− 1= 1.
Next, we study the edge-connectivity of Pk(G), k3, for graphs having (G)3 and g(G)k + 1.
In [3], the concepts of straight paths and turning paths were introduced. Given a path R0, R1, . . . , Rh in Pk(G), for i ∈
{1, . . . , h − 1} a vertex Ri = (r0 · · · rk) is said to be a straight path if its predecessor and successor are Ri−1 = (tr0 · · · rk−1)
and Ri+1 = (r1 · · · rkt ′), respectively. And a vertex Ri = (r0 · · · rk) is said to be a turning path if its predecessor and successor
are Ri−1 = (tr0 · · · rk−1) and Ri+1 = (rk−1 · · · r0t ′), respectively. Notice that if Ri = (r0 · · · rk) and Ri+1 = (rk−1 · · · r0t ′)
are turning paths, then Ri−1 = (tr0 · · · rk−1) and Ri+2 = (r0 · · · rk−1t∗). Hence Ri−1 is adjacent to Ri+2 and, consequently
R0, . . . , Ri−1, Ri+2, . . . , Rh is a path of length h− 2 connecting R0 and Rh. Thus we obtain the following remark.
Remark. In a shortest path connecting R0 with Rh, there are no two consecutive vertices that are turning paths.
Lemma 2.2. Let k3 be an integer. Let G be a connected graph with (G)3, g(G)k+ 1, and let T be an edge cut of Pk(G).
Consider the set T ′ of edges ofPk−2(G) deﬁned by [(a1 · · · ak−1); (a2 · · · ak)] ∈ T ′ if and only if T contains (a1 · · · ak)-edges.
Assume that [(ya1 · · · ak); (a1 · · · akx)] ∈ T , and that every (b1 · · · bk)-edge belonging to T satisﬁes b1, bk ∈ {a1, ak}. Then
the vertices (ya1 · · · ak−2) and (a3 · · · akx) are in distinct components of Pk−2(G)− T ′.
Proof. Let T =(C, C¯). Since [(ya1 · · · ak); (a1 · · · akx)] ∈ T , wemay assume thatA=(ya1 · · · ak) ∈ C andB=(a1 · · · akx) ∈
C¯.Notice thaty /∈ {a1, ak},which implies that (yb2 · · · bk)-edges are not contained inT.Moreover, (ya1 · · · ak−2) = (a3 · · · akx),
because k3.We are going to reason by contradiction. So, let us suppose that (ya1 . . . ak−2) is connectedwith vertex (a3 . . . akx)
in Pk−2(G)− T ′, that is, assume that there exists in Pk−2(G)− T ′ a path
Z: (ya1 · · · ak−2)= R0, R1, . . . , Rs = (a3 · · · akx).
Let us also suppose that Z is a shortest path, that is, s is the distance in Pk−2(G)− T ′ from R0 to Rs .
If s = 1, then k = 3 and x = y, hence Z: R0 = (ya1), R1 = (a3y). In Pk(G) we ﬁnd the following path:
Z∗: A= (ya1a2a3), (a3ya1a2), (a2a3ya1), B = (a1a2a3y)
We know that (ya1a2)-edges and (a2a3y)-edges are not contained in T. Moreover, as [R0, R1] /∈ T ′, it follows that (a1ya3)-
edges are not contained in T. Therefore, Z∗ is a path of Pk(G) − T joining vertex A ∈ C with vertex B ∈ C¯, a contradiction.
So we must assume that s2.
For every i ∈ {0, 1, . . . , s} let us denote Ri = (ri1ri2 · · · rik−1). Based on Z, we construct a path Z∗ in Pk(G) proceeding
according to the following rule for every i ∈ {1, 2, . . . , s − 1}:
• If Ri is a straight path, then Ri−1 = (ri−11 ri1 · · · rik−2) and Ri+1 = (ri2 · · · rik−1ri+1k−1). A straight path Ri will be replaced by
R∗
i
= (ri−11 ri1 · · · rik−1ri+1k−1) in Z∗.
• If Ri is a turning path, then Ri−1 = (ri−11 ri1 · · · rik−2) and Ri+1 = (rik−2 · · · ri1ri+1k−1). Moreover, both Ri−1 and Ri+1 must
be straight paths due to the Remark. Now consider r∗ ∈ NG(rik−1)\{rik−2}, and notice that r∗ /∈ {ri−11 , ri1, . . . , rik−2, ri+1k−1}
because g(G)k+ 1. Moreover, if {a1, ak} ∩ {ri−11 , ri1, . . . , rik−1, ri+1k−1} = ∅, then r∗ can be chosen such that r∗ /∈ {a1, ak}
because (G)3. By the same reason, there also exists t∗ ∈ NG(r∗)\{ri1, . . . , rik−1}. A turning path Ri will be replaced
by the subpath R∗
i,−, R∗i,0, R∗i,+in Z∗, where R∗i,− = (ri−11 ri1 · · · rik−1r∗), R∗i,0 = (ri1 · · · rik−1r∗t∗) and R∗i,+ = (ri+1k−1ri1 · · ·
ri
k−1r∗).
We show that Z∗ is a path in Pk(G)− T connecting a vertex of C with a vertex of C¯. In order to do this, we divide the proof
into three steps:
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(i) First, we study the beginning of Z: R0, R1. Let us distinguish two cases:
(a) Suppose that R1= (ak−3 · · · a1yr1k−1). If R1 is a straight path then R2= (ak−4 · · · a1yr1k−1r2k−1). Therefore, Z∗ starts
as follows:
A= (ak · · · a1y), R∗0 = (ak−1 · · · a1yr1k−1), R∗1 = (ak−2 · · · a1yr1k−1r2k−1).
In this way, we have [A;R∗0 ] /∈ T , because T does not contain (ya1 · · · ak−1)-edges; and [R∗0 ;R∗1 ] /∈ T because[R0;R1] /∈ T ′.
If R1 is a turning path, then R2 = (ya1 · · · ak−3r2k−1), which must be a straight path by the Remark. In this case r∗ ∈
NG(r
1
k−1)\{y, a1, . . . , ak−3, r2k−1}, and hence r∗ can be chosen so that r∗ /∈ {a1, ak}. The beginning of Z∗ will be
A= (ak · · · a1y), R∗0 = (ak−1 · · · a1yr1k−1), R∗1,− = (ak−2 · · · a1yr1k−1r∗),
R∗1,0 = (ak−3 · · · a1yr1k−1r∗t∗), R∗1,+ = (r2k−1ak−3 · · · a1yr1k−1r∗),
R∗2 = (r3k−1r2k−1ak−3 · · · a1yr1k−1).
As before, we have [A;R∗0 ] /∈ T . Moreover, since r∗ /∈ {a1, ak} it follows that [R∗1,−;R∗1,0] /∈ T and [R∗1,0;R∗1,+] /∈ T . Finally,
since [Ri−1;Ri ] /∈ T ′, i = 1, 2, we have [R∗0 ;R∗1,−] /∈ T and [R∗1,+;R∗2 ] /∈ T .
(b) Suppose thatR1=(a1 · · · ak−2r1k−1). Since (G)3 and g(G)k+1, there exists yˆ ∈ NG(y)\{a1, . . . , ak−1, ak}; and there
also exists y∗ ∈ N(yˆ)\{y, a1, . . . , ak−2, ak}. Let A1 = (yˆya1 · · · ak−1) and A2 = (y∗yˆya1 · · · ak−2). Clearly A,A1, A2
is a path in Pk(G)− T because y, yˆ /∈ {a1, ak}.
If R1 is a straight path, then R2 = (a2 · · · ak−2r1k−1r2k−1), and therefore the beginning of Z∗ would be
A,A1, A2 = (y∗yˆya1 . . . ak−2), R∗0 = (yˆya1 . . . ak−2r1k−1),
R∗1 = (ya1 . . . ak−2r1k−1r2k−1).
We have [A2;R∗0 ] /∈ T and [R∗0 ;R∗1 ] /∈ T , since y, yˆ /∈ {a1, ak}.
If R1 is a turning path, then R2 = (ak−2 · · · a1r2k−1) and R2 must be a straight path by the Remark. In this case r∗ ∈
NG(r
1
k−1)\{ak−2, . . . , a1, r2k−1}, which implies that r∗ can be chosen so that r∗ /∈ {a1, ak}. As a consequence, the beginning of
Z∗ will be
A,A1, A2, R
∗
0 , R
∗
1,− = (ya1 · · · ak−2r1k−1r∗), R∗1,0 = (a1 · · · ak−2r1k−1r∗t∗),
R∗1,+ = (r2k−1a1 · · · ak−2r1k−1r∗), R∗2 = (r3k−1r2k−1a1 · · · ak−2r1k−1).
As before, we have [A2;R∗0 ] /∈ T . Since r∗ /∈ {a1, ak}, it follows that [R∗1,−;R∗1,0] /∈ T and [R∗1,0;R∗1,+] /∈ T . Moreover, since
[Ri−1;Ri ] /∈ T ′, i = 1, 2, we have [R∗0 ;R∗1,−] /∈ T and [R∗1,+;R∗2 ] /∈ T .
(ii) Secondly, we are going to study the middle of path Z, that is, Ri−1, Ri such that i ∈ {2, . . . , s − 1}. First assume that Ri is
a turning path. By the Remark, Ri−1 must be a straight path, and Z∗ contains the following subpath:
R∗i−1 = (ri−21 ri−11 ri1 · · · rik−1), R∗i,− = (ri−11 ri1 · · · rik−1r∗),
R∗i,0 = (ri1 · · · rik−1r∗t∗), R∗i,+ = (ri+1k−1ri1 · · · rik−1r∗).
Onemay readily check that [R∗
i−1;R∗i,−] /∈ T because [Ri−1;Ri ] /∈ T ′.Moreover, if {a1, ak}∩{ri−11 , ri1, . . . , rik−1, ri+1k−1} =
∅, then r∗ is chosen such that r∗ /∈ {a1, ak}. Otherwise, we have in particular that ri−11 /∈ {a1, ak}. Hence [R∗i,−;R∗i,0] /∈ T
and [R∗
i,0;R∗i,+] /∈ T , since (ri−11 · · · r∗)-edges are not contained in T.
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Second, assume thatRi is a straight path. IfRi−1 is also a straight path, then the edge [R∗i−1;R∗i ] does not belong to T because
[Ri−1;Ri ] /∈ T ′. If Ri−1 is a turning path, we apply the above reasoning to Ri−2, Ri−1.
(iii) Finally, the end of path Z: Rs−1, Rs can be solved as the case (i), since these two cases are symmetric.
Thus Z∗ is a path in Pk(G)− T joining A ∈ C with B ∈ C¯, which is impossible, since T is an edge cut of Pk(G). Therefore,
the theorem holds. 
In a pioneering paper by Chartrand and Stewart [6], it was shown that (L(G))2(G) − 2 for any connected graph G.
Therefore, if (G)2, then (L(G))2. We prove that the edge connectivity of the line graph of a connected graph G is at least
two if the minimum degree of G is at least three.
Lemma 2.3. Let G be a connected graph with minimum degree (G)3. Then (L(G))2.
Proof. Assume (L(G))=1. Let T ={[ab; bc]} be an edge cut of L(G). Then the vertex ab is not connected to bc in L(G)−T .
As (G)3, we can consider a vertex z ∈ NG(b)\{a, c}, and hence ab, bz, bc is a path contained in L(G)−T joining the vertex
ab to bc, a contradiction. Hence, (L(G))2. 
Now, combining this result with Theorem 2.1, Lemmas 2.1 and 2.2, we obtain the following theorem, which can be regarded
as a generalization of case (b) of TheoremA, referred to in the Introduction.
Theorem 2.2. Let k3 be an integer. Let G be a connected graph with minimum degree (G)3 and girth g(G)k + 1. Then
(Pk(G))2(G)− 2.
Proof. Suppose that k3, (G)3, and (Pk(G))2(G)− 3. Then, by Lemma 2.1, any edge cut T = (C, C¯) of Pk(G) must
contain exactly one type of (a1 · · · ak)-edges. Let us take (ya1 · · · ak) ∈ C and (a1 · · · akx) ∈ C¯. According to the notation
introduced in Lemma 2.2, T ′ consists of only one edge, namely, T ′ = {[(a1 · · · ak−1); (a2 · · · ak)]}. Clearly, the conditions of
Lemma 2.2 are satisﬁed, and hence vertex (ya1 · · · ak−2) is not connected with (a3 · · · akx) in Pk−2(G)− T ′. This implies that
T ′ is an edge cut of Pk−2(G), that is (Pk−2(G)) = 1. If k4, from Theorem 2.1 it follows that (Pk−2(G))(G) − 12,
which is an absurdity. Therefore k = 3. In this case, Pk−2(G) = L(G) and (L(G))2 by Lemma 2.3, which is again a
contradiction.Therefore, (Pk(G))2(G)− 2. 
Since for regular graphs with girth g(G)k + 1, we have (Pk(G))= 2(G)− 2, Theorem 2.2 is best possible whenever G
is a -regular graph with 3.
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